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ON HANDLEBODY-KNOT PAIRS WHICH REALIZE
EXTERIORS OF KNOTTED SURFACES IN S3
SHUNDAI OSADA
Abstract. In this paper, we describe the relation between the study of closed
connected surfaces embedded in S3 and the theory of handlebody-knots. By
Fox’s theorem, a pair of handlebody-knots is associated to a closed connected
surface embedded in S3 in the sense that their exterior components are pairwise
homeomorphic. We show that for every handlebody-knot pair associated to
a genus two “prime bi-knotted” surface, one is irreducible, and the other is
reducible. Furthermore, for given two genus two handlebody-knots H1 and H2
satisfying certain conditions, we will construct a “prime bi-knotted” surface
whose associated handlebody-knot pair coincides with H1 and H2.
1. Introduction
The study of closed connected surfaces embedded in S3 has been investigated
since around 1970. Waldhausen [10] showed that for any two Heegaard surfaces
of S3 which have the same genus, there exists an isotopy of S3 taking one onto
the other. Suzuki [7] showed that for any positive integer g, there exists a prime
genus g surface embedded in S3 (see Section 2 for the explicit definition of a prime
surface). Tsukui [8, 9] gave a necessary and sufficient condition for the primeness
of a closed connected surface embedded in S3 for the case of genus two.
A handlebody-knot is a handlebody embedded in S3, and the theory of such ob-
jects has been extensively studied and developed recently (for example, see [4, 5]).
According to a classical theorem of Fox [2], for every closed connected surface em-
bedded in S3, there exist two handlebody-knots whose exteriors are homeomorphic
to the two components of the exterior of the surface, respectively. Thus, a pair of
handlebody-knots is associated to such a surface, although they are not unique in
general (see [6], for example). On the other hand, there exists a closed connected
surface which does not bound handlebodies on either side. We say that such a
surface is “bi-knotted”.
The purpose of this paper is to describe the relation between the study of sur-
faces embedded in S3 and the theory of handlebody-knots. We first show that for
every handlebody-knot pair associated to a genus two prime bi-knotted surface,
one is irreducible and the other is reducible (see Proposition 4.3). Furthermore,
given two genus two handlebody-knots H1 and H2 satisfying certain conditions, we
will construct a prime bi-knotted surface whose associated handlebody-knot pair
coincides with H1 and H2.
The paper is organized as follows. In Section 2, we give some definitions and
notation about closed connected surfaces embedded in S3. In Section 3, we give
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fundamental definitions for handlebody-knots. In Section 4, we study pairs of
handlebody-knots associated to closed connected surfaces embedded in S3. Finally,
in Section 5, we state and prove our main theorem (Theorem 5.1).
2. Surfaces in S3
Throughout this paper, we work in the PL category, and a surface in S3 means a
closed connected orientable surface embedded in S3. In this section, we give some
definitions and notation about surfaces in S3.
Definition 2.1. Let F be a surface in S3. The exterior of F is the closure of
S3 \ N(F ) in S3, where N(F ) denotes the regular neighborhood of F in S3. By
virtue of the Alexander duality, the exterior has exactly two connected components,
which we denote by VF and WF .
(1) We say that F is unknotted if both VF and WF are homeomorphic to
handlebodies.
(2) We say that F is knotted if it is not unknotted, i.e. if at least one of VF
and WF is not homeomorphic to a handlebody.
(3) We say that F is bi-knotted if neither VF nor WF is homeomorphic to a
handlebody.
Figure 1. Surfaces of genus two in S3
See Figure 1 for explicit examples.
Remark. Surfaces of genus zero are always unknotted, and the genus of a bi-knotted
surface is always greater than or equal to two. These are direct consequences of
Alexander’s results [1].
Two surfaces in S3 are said to be equivalent if there exists an isotopy of S3 taking
one onto the other. Waldhausen [10] showed that two unknotted surfaces which
have the same genus are equivalent. Furthermore, we see easily that the study of
equivalence classes of surfaces that are not bi-knotted is reduced to the theory of
handlebody-knots (see Section 3 of the present paper). Such surfaces appear as
boundaries of handlebody-knots. Therefore, in this paper, we will focus on the
study of bi-knotted surfaces.
Definition 2.2. Let F1 and F2 be surfaces in S
3. Suppose that there exists a
3-ball B3 in S3 such that F1 ⊂ intB
3 and F2 ⊂ S
3 \B3. Note that S3 \ (F1 ∪ F2)
consists of exactly three connected components, and ∂B3 is contained in one of the
components. Let V denote the closure of the component of S3 \ (F1 ∪ F2) which
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contains ∂B3. Let h : D2 × [−1, 1]→ V be an embedding such that
h(D2 × [−1, 1]) ∩ F1 = h(D
2 × {−1}),
h(D2 × [−1, 1]) ∩ F2 = h(D
2 × {1}), and
h(D2 × [−1, 1]) ∩ ∂B3 = h(D2 × {0}).
Then, we say that the surface F1♯F2 defined by
F1♯F2 = F1 ∪ F2 ∪ h(∂D
2 × [−1, 1]) \ h(intD2 × {1,−1})
is the isotopy sum of F1 and F2. It is known that this does not depend on a
particular choice of the embedding h up to isotopy (for details, see [8]).
See Figure 2 for an explicit example.
Figure 2. The isotopy sum of F1 and F2
Definition 2.3. Let F be a surface in S3. We say that F is prime if for an arbitrary
isotopy sum F1♯F2 of surfaces F1 and F2 in S
3 that is equivalent to F , either F1 or
F2 is equivalent to S
2 in S3.
For example, the bi-knotted surface in Figure 1 is not prime, since it is equivalent
to the isotopy sum of two knotted tori. The study of genus two non-prime surfaces
in S3 is reduced to the standard knot theory, since the factors of such surfaces are
tori in S3 and they appear as boundaries of regular neighborhoods of classical knots
in S3 by virtue of Alexander’s torus theorem [1]. Hence, in this paper, we will focus
on prime bi-knotted surfaces. Homma’s example (see Figure 3) is an example of a
prime bi-knotted surface of genus two.
3. Handlebody-knots
In this section, we give fundamental definitions for handlebody-knots. A
handlebody-knot is a handlebody embedded in S3. Two handlebody-knots are equiv-
alent if there exists an isotopy of S3 taking one onto the other. A handlebody-knot
is trivial if it is equivalent to a handlebody standardly embedded in S3. In other
words, a handlebody-knot is trivial if its exterior is homeomorphic to a handlebody.
A handlebody-knot is non-trivial if it is not equivalent to a trivial handlebody-knot.
For explicit examples, see Figure 4. Throughout the paper, we adopt the drawing
convention that handlebodies are depicted in gray, while surfaces are depicted trans-
parently.
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Figure 3. Homma’s example [3]
Figure 4. Handlebody-knots of genus two
A spatial trivalent graph is a finite trivalent graph embedded in S3. There
exist good relations between handlebody-knots and spatial trivalent graphs. For
example, the regular neighborhoods of theta-graphs and handcuff graphs (see Fig-
ure 5) embedded in S3 are genus two handlebody-knots, and for every genus two
handlebody-knot, there exists a theta-graph or a handcuff graph embedded in S3
whose regular neighborhood coincides with the handlebody-knot.
Figure 5. Theta-graph and handcuff graph
Definition 3.1. We say that a handlebody-knot H is reducible if there exists a
2-sphere S2 in S3 such that H ∩ S2 is an essential 2-disc properly embedded in H .
Furthermore, we say that a handlebody-knot is irreducible if it is not reducible.
See Figure 6 for an explicit example. The following lemma follows immediately
from the definitions .
Lemma 3.1. Let H be a handlebody-knot and let ∂H denote its boundary. Then
H is irreducible if and only if ∂H is a prime surface.
See [4, 5] for details of the theory of handlebody-knots, for example.
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Figure 6. A reducible handlebody-knot
4. Handlebody-knot pairs for surfaces in S3
In this section, we describe the relation between the study of surfaces in S3 and
the theory of handlebody-knots. The following Fox theorem plays an important
role in describing the relation.
Theorem 4.1 (Fox [2]). Let M be a connected compact 3-dimensional submanifold
of S3 such that its boundary is connected and non-empty. Then there exists a
handlebody-knot H such that S3 \ intH is homeomorphic to M .
Let F be a surface in S3 and let VF and WF denote the components of the
exterior of F . By Theorem 4.1, there exist handlebody-knots HV and HW such
that S3 \ intHV ≈ VF and S
3 \ intHW ≈ WF , where the symbol “≈” denotes a
homeomorphism.
Definition 4.1. We call the (unordered) pair of the above handlebody-knots
(HV , HW ) a handlebody-knot pair for F .
Remark. In general, a handlebody-knot pair for a surface in S3 is not unique. There
exist examples of equivalent handlebody-knots with non-homeomorphic exteriors.
See [6], for example.
For a handlebody-knot pair for a surface in S3, we have the following, which is
a direct consequence of the definition.
Lemma 4.2. Let F be a surface in S3 and let (H1, H2) be a handlebody-knot pair
for F .
(1) If F is unknotted, then both H1 and H2 are trivial handlebody-knots.
(2) If F is knotted, then H1 or H2 is a non-trivial handlebody-knot.
(3) If F is bi-knotted, then both H1 and H2 are non-trivial handlebody-knots.
For a prime bi-knotted surface, which is one of the main subjects of our in-
vestigation in this paper, we have the following proposition for the case of genus
two.
Proposition 4.3. Let F be a surface of genus two in S3, and let (H1, H2) be a
handlebody-knot pair for F . If F is a prime bi-knotted surface, then both H1 and
H2 are non-trivial handlebody-knots, and one of H1 and H2 is irreducible, and the
other is reducible.
The handlebody-knot pair (H1, H2) in Figure 7 is an example of a handlebody-
knot pair for Homma’s example. One can easily observe that H1 is irreducible,
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Figure 7. An example of a handlebody-knot pair for a prime bi-
knotted surface of genus two
while H2 is reducible. We will prove Proposition 4.3 by using the following two
theorems due to Tsukui, Fox and Homma, and their corollaries.
Theorem 4.4 (Tsukui [9]). Let F be a surface of genus two in S3 and let VF and
WF denote the components of the exterior of F . Then F is prime if and only if
either the fundamental group π1(VF ) or π1(WF ) is indecomposable with respect to
free products.
Corollary 4.5. Let H be a genus two handlebody-knot. Then H is irreducible if
and only if π1(S
3 \ intH) is indecomposable with respect to free products.
Corollary 4.5 follows directly from Theorem 4.4 and Lemma 3.1.
A connected compact 3-dimensional manifold M whose boundary is connected
and non-empty is said to be ∂-irreducible, if for every 2-disc D2 properly embedded
in M , ∂D2 bounds a 2-disc on ∂M .
Theorem 4.6 (Fox [2], Homma [3]). Let F be a surface in S3 and let VF and WF
denote the components of the exterior of F . If F is not equivalent to S2, then at
least one of VF and WF is not ∂-irreducible.
In fact, for a handlebody-knot H whose genus is greater than or equal to two,
S3 \ intH is ∂-irreducible if and only if π1(S
3 \ intH) is indecomposable with
respect to free products (c.f. [7]). Thus, the following corollary can be obtained by
Theorem 4.6 and Corollary 4.5.
Corollary 4.7. Let F be a genus two surface in S3, and let (H1, H2) be a
handlebody-knot pair for F . Then, at least one of H1 and H2 is reducible.
Proof of Proposition 4.3. Since F is bi-knotted, both H1 and H2 are non-trivial.
Let VF and WF denote the components of the exterior of F such that VF ≈
S3 \ intH1 and WF ≈ S
3 \ intH2. Since F is prime, either π1(VF ) or π1(WF )
is indecomposable with respect to free products by Theorem 4.4. We may as-
sume that π1(VF ) (∼= π1(S
3 \ intH1)) is indecomposable. Then H1 is irreducible by
Corollary 4.5. Therefore, by Corollary 4.7, H2 is reducible. 
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5. Main theorems
So far, we have considered surfaces in S3, especially prime bi-knotted surfaces
and their handlebody-knot pairs. In this section, conversely, given two handlebody-
knots, we consider the problem whether we can realize them as a handlebody-knot
pair for a prime bi-knotted surface in S3, or not. Our main theorem is a partial
solution to this problem. We first give some definitions to explain our main theorem.
Definition 5.1. Let G be a handcuff graph embedded in S3. Let v1, v2 be the
vertices and l1, l2, α be the edges of G such that l1, l2 are loops, and α is an arc
which connects v1 and v2. In particular, we have l1 ∪α∪ l2 = G and ls ∩α = {vs},
s = 1, 2. Note that L = l1 ∪ l2 is a 2-component link.
(1) We say that a handlebody-knot H satisfies the property T˜ if H is equivalent
to a regular neighborhood of a spatial handcuff graph G such that the
associated link L of G is a trivial link.
(2) We say that a handlebody-knot H satisfies the property T if H is equivalent
to a regular neighborhood of a spatial handcuff graph G such that at least
one of the loops l1 and l2 of G is a trivial knot.
Figure 8. Property T˜ and T
See Figure 8 for explicit examples. Note that a handlebody-knot which satisfies
the property T˜ satisfies the property T. The following is our main theorem of this
paper.
Theorem 5.1. (1) Let H1 be a genus two irreducible handlebody-knot which
satisfies the property T˜, and H2 be a genus two reducible handlebody-knot which is
non-trivial. Then there exists a prime bi-knotted surface F such that (H1, H2) is a
handlebody-knot pair for F .
(2) Let H1 be a genus two irreducible handlebody-knot which satisfies the property
T, and H2 be a genus two reducible handlebody-knot such that H2 = T1♮T2, where
T1 is a regular neighborhood of a non-trivial knot, T2 is a trivial solid torus, and
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T1♮T2 denotes the boundary connected sum of T1 and T2 in S
3. Then there exists
a prime bi-knotted surface F such that (H1, H2) is a handlebody-knot pair for F .
Remark. Recall that for two genus two handlebody-knots which constitute a
handlebody-knot pair for a prime bi-knotted surface in S3, it is necessary that
both handlebody-knots are non-trivial, and one is irreducible, and the other is
reducible by Proposition 4.3.
Proof of Theorem 5.1. We will prove part (2) of the theorem. Part (1) can be
proved by a similar argument.
Let us first construct a surface F such that (H1, H2) is a handlebody-knot pair
for F . Since a handlebody-knot H1 satisfies the property T, there exists a handcuff
graph G embedded in S3 such that G has a trivial knot part, and that regular
neighborhood of G is equivalent to H1. Set G = l1 ∪ α ∪ l2, where l1 and l2 are
loops, and α is a simple arc as above. We may assume that l1 is a trivial knot.
Then, there exists a 2-disc D2 embedded in S3 such that ∂D2 = l1. Let N(D
2)
be a small regular neighborhood of D2 in S3. By general position arguments, we
may assume that the intersections of intD2 and G are transverse. Then, we may
assume that the intersections of ∂N(D2) and G are also transverse. So we can set
intD2 ∩G = {x1, x2, . . . , xk},
∂N(D2) ∩G = {xˆ1, xˆ2, . . . , xˆk, xˇ1, xˇ2, . . . , xˇk, p}
for some non-negative integer k, where xˆj and xˇj are the end points of the arc
component of N(D2) ∩G containing xj , j = 1, 2, . . . , k, and p ∈ α \ {v1, v2} is the
end point of the component of N(D2) ∩ α containing the vertex v1 of G. We may
assume that xˆ1, xˆ2, . . . , xˆk lie in the “upper side” of D
2, while xˇ1, xˇ2, . . . , xˇk lie in
the “lower side” of D2. See Figures 9 and 10.
Figure 9. Trivial knot part of G and D2
Recall that the handlebody-knot H2 is the boundary connected sum of T1 and
T2, where T1 is a regular neighborhood of a non-trivial knot and T2 is a trivial solid
torus. We denote by K the non-trivial knot in S3 whose regular neighborhood
coincides with T1. Let Ka be a 1-tangle in a 3-ball B
3 ⊂ S3 such that for a
simple arc b on ∂B3 which connects the two end points of Ka, Ka ∪ b is equivalent
to K. Let h : D2 × [−1, 1] → B3 be an embedding such that h(D2 × [−1, 1]) ∩
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Figure 10. Intersection of N(D2) and G
∂B3 = h(D2 × {−1, 1}) and h({0} × [−1, 1]) = Ka, where h(D
2 × {1}) contains
xˆ1, xˆ2, . . . , xˆk, h(D
2 × {−1}) contains xˇ1, xˇ2, . . . , xˇk, and 0 ∈ D
2 is the center of
D2. Set V (Ka) = h(D
2 × [−1, 1]), which is a regular neighborhood of Ka in B
3.
Set
T (Ka) = (∂B
3 \ V (Ka)) ∪ (∂V (Ka) \ h(intD
2 × {−1, 1})),
which is a torus embedded in B3 ⊂ S3. Let q1, q2, . . . , qk be distinct points of
intD2. Let β1, β2, . . . , βk be the simple arcs properly embedded in V (Ka) given
by βj = h({qj} × [−1, 1]) for j = 1, 2, . . . , k. See Figure 11 for details, where the
figure on the right hand side depicts T (Ka) and β1, β2, . . . , βk seen from a horizontal
direction.
Figure 11. An example of T (Ka) and β1, β2, . . . , βk
Finally, we replace N(D2) with B3, i.e. we attach B3 to S3 \ intN(D2) by using
an orientation reversing homeomorphism f : ∂B3 → ∂(S3 \ intN(D2)) such that
f(h(qj , 1)) = xˆj and f(h(qj ,−1)) = xˇj , j = 1, 2, . . . , k (see Figure 12). Let E(Ka)
be the closure of B3 \ V (Ka). Set
G′ = (G \ intN(D2)) ∪ (β1 ∪ β2 ∪ · · · ∪ βk), and
W ′ = E(Ka) ∪N(G
′),
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where N(G′) is a small regular neighborhood of G′. Then, the boundary of W ′ is
the required surface F . Let WF denote the component of the exterior of F which
contains β1, β2, . . . , βk, and let VF denote the other component. Then, we see easily
that WF is homeomorphic to W
′ and to the boundary connected sum of E(Ka)
and a solid torus. Hence, WF is homeomorphic to S
3 \ intH2. Furthermore, we
also see easily that S3 \ (E(Ka) ∪ G
′) is homeomorphic to S3 \ G. Hence, VF is
homeomorphic to S3 \ intH1.
Figure 12. Replacing N(D2) with B3 and taking the boundary of W ′
Now let us check that the surface F constructed above is prime and bi-knotted.
Since H1 is a genus two irreducible handlebody-knot, π1(VF ) is indecomposable
with respect to free products by Corollary 4.5. Hence F is a prime surface by
Theorem 4.4. Furthermore, since neither π1(VF ) nor π1(WF ) is a free group, we
conclude that F is bi-knotted. This completes the proof of Theorem 5.1. 
Figures 13 and 14 give examples of surfaces constructed in the proof of Theo-
rem 5.1. Note that Homma’s example (Figure 3) can be obtained by the above
construction for the case of (1).
Remark. It is probable that our construction leads to an infinite family of surfaces
that have (H1, H2) as a handlebody-knot pair. Note that the same construction
method works even if we replace the homeomorphism h : D2×[−1, 1]→ V (Ka). For
every integer n ∈ Z, let hn : D
2×[−1, 1]→ V (Ka) be the homeomorphism obtained
from h by applying the n times full twist along D2×{0}. It yields an infinite family
of surfaces {Fn} that have (H1, H2) as a handlebody-knot pair, although we do not
know if Fi is not equivalent to Fj for i 6= j.
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